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Sound transmission through straight circular ducts with a uniform inviscid mean
flow and a constant acoustic lining (impedance wall) is classically described by a
modal expansion. A natural extension for ducts with axially slowly varying properties
(diameter and mean flow, wall impedance) is a multiple-scales solution. It is shown
in the present paper that a consistent approximation of boundary condition and
isentropic mean flow allows the multiple-scales problem to have an exact solution.
Since the calculational complexities are no greater than for the classical straight
duct model, the present solution provides an attractive alternative to a full numerical
solution if diameter variation is relevant. A unique feature of the present solution
is that it provides a systematic approximation to the hollow-to-annular cylinder
transition problem in the turbofan engine inlet duct.

1. Introduction

The theory of sound propagation in straight ducts with constant impedance type
boundary conditions and a homogeneous stationary medium is classical and well-
established (Morse & Ingard 1968; Pierce 1981). At frequency w, the sound field,
satisfying the Helmholtz equation (V2 +k?)¢ = 0, may be built up by superposition of
eigensolutions or modes. These are certain shape-preserving fundamental solutions.
The existence of these modes is a consequence of the relatively simple geometry,
allowing separation of variables.

For cylindrical ducts, with associated cylindrical coordinate system (x,r,6) the
modes are given, in the usual complex notation, by exponentials and Bessel functions:
NJ,,(or)e @ m0=kx for a simple cylinder, and [NJ,,(or) + MY, (or)] €0k for an
annular cylinder.

The eigenvalue m, or circumferential wavenumber, is, due to the periodicity in 0,
an integer; the eigenvalue «, or radial wavenumber, is determined by the appropriate
boundary condition at the duct wall(s), while the axial wavenumber k is related to o
and w via a dispersion relation. If we introduce a mean flow in the duct (motivated by
aircraft turbofan engine applications, Nayfeh, Kaiser & Telionis 19754, figure 1), the
acoustic problem becomes rapidly much more difficult. Spatially varying mean flow
velocities produce non-constant coefficients of the acoustic equations, which usually
spoils the possibility of a modal expansion. Perhaps the simplest non-trivial mean
flow is a uniform flow, in the limit of vanishing viscosity. Then modal solutions are
possible, of a form rather similar to the one without flow.

A most important problem here is the way the sound field is transmitted through
the vanishing mean flow boundary layer at the wall, which thus effectively modifies
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FIGURE 1. A turbofan engine.

the impedance boundary condition at the duct wall into an equivalent boundary
condition in the limit to the duct wall. This modified boundary condition was first
proposed by Ingard (1959) and later proved by Eversman & Beckemeyer (1972) and
Tester (1973a) to be indeed the correct limit for a boundary layer which is much
smaller than a typical acoustic wavelength.

In certain applications the geometry of a cylindrical duct is only an approximate
model, and it is therefore of practical interest to consider sound transmission through
ducts of varying cross-section. In general, this problem is, again, very difficult, and
one usually resorts to numerical methods. However, quite often, especially when the
duct carries a mean flow, the diameter variations of the duct are only gradual, thus
introducing prospects of perturbation solutions. Indeed, several authors have utilized
the small parameter related to the slow cross-section variations (Eisenberg & Kao
1971; Tam 1971; Huerre & Karamcheti 1973; Thompson & Sen 1984). A particularly
interesting and systematic approach is the method of multiple scales elaborated by
Nayfeh and co-workers, for both ducts without (Nayfeh & Telionis 1973) and with
flow (Nayfeh, Telionis & Lekoudis 1975; Nayfeh, Kaiser & Telionis 1975b), and with
hard and impedance walls. The multiple-scales technique provides a very natural
generalization of modal solutions since a mode of a constant duct is now assumed
to vary its shape according to the duct variations, in a way that amplitude and
wavenumbers are slowly varying functions, rather than constants.

In Rienstra (1988) we proceeded along these lines, and presented an explicit
multiple-scales solution of a problem similar to the one considered previously by
Nayfeh et al. We considered a mode propagating in a slowly varying duct with
impedance walls and containing almost uniform (inviscid, isentropic, irrotational)
mean flow with vanishing boundary layer.

A somewhat puzzling aspect of Nayfeh et al’s solutions was that without flow the
differential equation for the slowly varying amplitude could be solved exactly, whereas
with flow this was not the case. Also, in Rienstra (1985) the amplitude equation for a
similar problem of a duct with (slowly varying) porous walls could be solved exactly.
In Rienstra (1988) we showed that, at least in the present type of problem, an exact
solution appears to be the rule rather than an exception, if the entire perturbation
analysis is consistent at all levels. In the problem under consideration, Nayfeh et al.
used an ad hoc mean flow velocity profile (quasi-one-dimensional with some assumed
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boundary layer) which is not a solution of the mean flow equations, and, furthermore,
in the case of a vanishing boundary layer they used an incorrect effective boundary
condition, although at that time this was not known. Myers (1980) showed that
Ingard’s (1959) effective boundary condition for an impedance wall with uniform
mean flow is to be modified significantly in the case of non-uniform mean flow along
curved surfaces.

Both Myers’ (1980) boundary condition and a consistent approximation of the
mean flow is essential for the explicit solution presented.

In the present study we continue along these lines, and extend the theory to include
an annular cylindrical geometry, in particular the transition from hollow to annular
cylinder, and include some illustrative examples. These examples are taken from
turbofan engine applications.

2. Formulation of the problem

We consider a cylindrical duct with slowly varying cross-section. Inside this duct
we have a compressible inviscid perfect isentropic irrotational gas flow, consisting of
a mean flow and acoustic perturbations. To the mean flow the duct is hard-walled,
but for the acoustic field the duct is lined with an impedance wall.

It is convenient to make parameters dimensionless: spatial dimensions on a typical
duct radius R,,, densities on a reference value p., velocities on a reference sound
speed ¢, time on R, /c,, pressure on p,c2, and velocity potential on R,.c.. Note
that the corresponding reference pressure p,, satisfies p,c2 = yp., where y is the
(constant) ratio of specific heats at constant pressure and volume.

We then have in the cylindrical coordinates (x,7, 0), with unit vectors e,, e, and ey,
the duct inner wall radius R; and outer wall radius R, given by

r=Ri(X), r=Ry(X), X=ex, —co<x<oo, 0<0<2m,

where ¢ is a small parameter, and R;;, is by assumption only dependent on ¢ through
ex. As we will see ¢ is absent from the final results, but its role is necessary to
legitimize and support the present systematic perturbation method. The fluid in the
duct is described by (see, for example, Pierce 1981)

pi+ V- (pt) =0, (2.1a)

p(®, + - Vi) + Vp =0, (2.1b)

Ww=p, &= gij =p! (2.1cd)
p

(with boundary and initial conditions), where # is particle velocity, p is density, p
is pressure, ¢ is sound speed (all dimensionless). Since we assumed the flow to be
irrotational, we may introduce a velocity potential ¢, such that # = V¢. Using the
vector identity (¥ - V)& = 1V|3]> + (V x #) x & = {V|¥|%, and the relation between p
and p, the above momentum equation may be integrated to a variant of Bernoulli’s
equation

2
9 + 18> + ycj = a constant. (22)

This flow is split up into a stationary (mean) flow part, and an acoustic perturbation.
This acoustic part varies harmonically in time with circular frequency w, and with
small amplitude to allow linearization. To avoid a complicating coupling between the
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two small parameters (¢ and the acoustic amplitude), we assume this acoustic part
much smaller than any relevant power of ¢. In the usual complex notation (where the
real part is assumed) we write then

7= V—I—vei“”, as — ¢+¢Cim, ,b =D+peiwt’ [N)ZP +peiwr’ = C-I—cei“”.
Substitution and linearization yields

the mean flow field

V-(DV)=0, (2.3a)

C2
VP + —=E (a constant), (2.3b)

'y —
C?>=yP/D =D"1; (2.3¢)

the acoustic field

iwp +V-(DVe +pV) =0, (2.4a)
i+ V-V + % —0, (2.4b)
p=C’p, c=1i(y— 1D (2.4c,d)

The integration constant in the integrated momentum equation may be absorbed by
¢. For the mean flow the duct wall is solid, so the normal velocity vanishes

Ven=0 at r=R(X) (i=1,2), (2.5)
where the outward-directed normal vectors at the wall are given by
r R, X r R, X
0y = e, —¢Rje . e, —eRje

T +eRY) T (1R

To define the mean flow an axial mass flux nF will be assumed such that the flow
is subsonic everywhere. For the acoustic part the duct walls are locally reacting
impedance walls with complex impedances Z; = Z{(X) and Z, = Z,(X) — slow
variations of Z; in X may be included — meaning that at the wall, at a hypothetical
point with zero mean flow,
p=Zi(v-m).

However, this is not the boundary condition needed here. Since we deal with a fluid
of vanishing viscosity, the boundary layer along the wall in which the mean flow
tends to zero is of vanishing thickness, and we cannot apply a boundary condition at
the wall. The required condition is for a point near the wall but still (just) inside the

mean flow. For arbitrary mean flow along a (smoothly) curved wall it was given by
Myers (1980, equation 15):

i@ m)=[o+V-V—n-(m-VV)] <ZP> at r=R(X)(i=1,2) (2.6

while

Although included in the general formulation as a limiting case, it is easier to consider
the solution for Z = 0 separately. For simplicity we will here only consider Z; = 0 as
a special case.

The above equations and boundary conditions are evidently still insufficient to
define a unique solution, and we need additional conditions for mean flow and sound
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field. This will be done by assuming a certain behaviour. Since we are studying axial
variations due to the geometry of the pipe, the natural choice is to consider a mean
flow, almost uniform with axial variations only in X, and a sound field consisting of a
constant-duct mode perturbed by the X-variations. Furthermore, this choice implies
the absence of vorticity (apart from the vortex sheet along the wall), allowing the
introduction of a velocity potential.

Before turning to the acoustic problem, we will derive in the next section the
solution of the mean flow problem as a series expansion in & As noted before,
a consistent mean flow expansion is necessary to obtain the explicit multiple-scale
solution of the acoustic problem.

3. Mean flow

Since we assumed a mean flow, nearly uniform with axial variations in X only, we
have

V=U(X,r;¢e)ex + V(X,r;¢)e,.
The cross-sectional mass flux is given by

Ry(X)
2n/ D(X,r;e)U(X,r;e)rdr = nF, a constant. (3.1)
Ri(X)

Since the variations in x are through X only, we may assume the constants E and F
to be independent of &. Furthermore, by writing out the same mass equation (2.3a)
in X and r, it follows that the small axial mass variations can only be balanced by
small radial variations, so V' = O(¢), and hence
U(X,r;e) = Uo(X) + O(s)), V(X,r;e) = eVi(X,r) + O(&),

and so, with equations (2.3b) and (2.3¢),
P(X,r;8) = Po(X) 4+ O(%), D(X,r;¢) = Do(X) + O(e%), C(X,r;e) = Co(X) + O(&).
From equation (3.1) it follows now immediately that

F

UolX) = bR — RAX)) (3-2)

with Dy, Py and C, given by
1 F : | S 1, (—1)/2
— - @@ 7D’ = E P = 7Dy C = D / 33 —
2<D0(R§—Rf)> Ty ’ R =bo T B

where Dy is to be determined numerically, per X. For Vi, we return to the continuity
equation, which is to leading order

S DuUy) + 1 £ (DoY) =0,
Under the boundary conditions
dR;
Cdx
(one of which is already satisfied through the application of (3.1) leading to (3.2)), we
obtain the solution

Up+Vi=0 at r=R(X)(i=1,2)

F 0

NX,r)=——-— <

r* — Ri(X)
2rDy(X) 0X ) ' (34

R3(X) — R{(X)
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The above solutions Uy, Py, Dy may be recognized as the well-known one-dimensional
gas flow equations (e.g. Liepmann & Pluckett 1947). It should be stressed, however,
that the radial velocity component V is essential for a consistent mean flow descrip-
tion, and therefore necessary here.

4. The acoustic field

In this section we will derive the main result of the present paper: the explicit
multiple-scales solution for a mode-like wave described by equations (2.4a-d) with
(2.6). When we eliminate p and p we have the following differential equation and
boundary conditions for ¢:

V- (DV¢) — D (io + V - V) [Clz(iw+V-V)qb} =0, (4.1q)

io(Vp-n)=—({wo+V-V—n;-(n-VV)) {3@(0—1— V 'V)qﬁ] at r = Ri(X), (4.1b)

and
i+ V-V)p=0 at r=R if Z;,=0.

A straight-duct modal wave form would be a function of » multiplied by a complex
exponential in 6 and x. The mode-like wave we are looking for here is obtained by
assuming the amplitude and axial and radial wave numbers to be slowly varying, i.e.
depending on X (Nayfeh & Telionis 1973). So we assume

¢(x,r,0;8) = A(X,r;¢e)exp (—im@ — is_l/x,u(f)d£> . (4.2)

Then the partial derivatives with respect to x become formally (suppressing the
exponential)

0 . 0
i _llu“(X) + S5

0x 0X
2 d 0 0*
. du . )
— = —u(X) —ie—= — 2ieu(X)— —.
o = THX) —leqy — AenX) g+ o
Substitution in (4.1a), and collecting like powers of ¢ yield up to order &
ie 0 Uo.Q 2 10 V].Q )
Dy L (A)=—9— || — DoA —— |r—-DyA 4,
0L (A) A{OXKC& —Ht) 0 ]Jrrar{"cg 0 , (4.3)
where
Q =ow — uU,,

and the operator . is defined by

# 10 0 , m

o?  ror  C} =N

With n; « (n; - VV) = &(8/0r)V; + O(¢?), the boundary conditions (4.1b), up to order &,
are now

. 0A QzDoA dR] i€ 0 0 6V1 .QD()A2
bkl - bl BTl § § A Z 7t
ootz TRk AT g |Yax TG arK Z

) (r=R;), (44a)
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04 Q?DyA dRz 18 0 0 V] [QDyA>
E— Z =W dXA [UOOX —I—Vlar—ar} ( Z > (r=Ry), (4.4b)
and

. 0 0 .
[lQ+8<U06X+V18 >]A—0 at r=R if Z;=0.

Now assume
AX,r;e) = Ao(X,r) +edi(X,r) +...,
then substitution into equation (4.3) yields for the O(1) and O(e) terms

L(Ag) = (4.5a)
i 8 UyQ 5 10 VlQ
with boundary conditions
2
P S (4.60)
or Z1,2 ’
8A1 Q’DoA;  dRy,
57‘ i 212 = O dXx A
0 0 oV QDOA%)
U, Vie — — =R 4.6b
_Ao 03y + 15 ar] ( Zs ) (r 12) )

The leading-order equation (4.5a) is, up to a radial coordinate stretching, Bessel’s
equation in r, with X acting only as a parameter. The mode-like solution we are
looking for is then

Ao(X, 1) = N(X) (o X)r) + M(X) Y (d(X)r), (4.7)

where J,, and Y, are the mth-order Bessel function of the first and second kind
(Watson 1966). The corresponding boundary conditions (4.6a) produce the following
equation for ‘eigenvalue’ o (continuous in X):
AR (0Ry) — LoJm(aRy)  aRyJ, (2Ry) + GiJm(aRy) —— M(X)
OR Y, (aRy) — (Yu(0Ry)  oR Y (aR) + (1 Yu(@R)  N(X)

(4.8)

where
.QzD()Rl Q2D0R2
gl o 1(1)Z1 ’ 2T 1(1)Z2 '
If Z; = 0 we have the hydrodynamic mode given by Q = 0, and the acoustic modes
given by

Jm(o‘RZ) _ Jm(aRl) _ _M(X)
Yu(eR) — Yu(aRi) — N(X)'
Expression (4.8) itself is equal to —M(X)/N(X), so only N is to be determined; & and
u are related by the dispersion relation
o+t = Q%G

It is convenient to introduce the reduced axial wavenumber

2\ 12
- (1-G-uZ)
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which is u scaled by w and without the pure convection effects, so that

C()G — U() U()Q wo C() - U()G B D) 062
— , = —, Q = C e e— d C - U
e T PTG oCgr—gz (G-l

+o>=1.

The branch (i.e. sign) of ¢ is to be selected such that Im(s) < 0, Re(g) = 0 (quadrant
1V) if the mode is propagating in the positive direction, and Im(g) = 0, Re(s) < 0
(quadrant II) if the mode is propagating in the negative direction. A single exception
is to be made if impedance, frequency, and mean flow are such that the vortex
sheet between the mean flow and impedance wall becomes (Helmholtz) unstable,
corresponding to a ¢ in either quadrant I or III (Rienstra 1986; Tester 1973b; Koch
& Mohring 1983; and others). This includes the border case of the hydrodynamic
mode Q@ = 0 if Z; = 0. Although in principle included in the present results, we will
not consider these cases here in detail.

Note that in the cylindrical duct case, with Ry = 0, we have just M(X) = 0 so that

AO(Xa V) = N(X)Jm(OC(X)V),
and « is determined from
aRyJ} (0R;) — (5T m(2Ry) = 0. (4.9)

The amplitude functions N(X) and M(X) are determined from the condition that
there exists a solution A;. This is not trivial since we assumed the solution to behave
in a certain way, namely to depend on X rather than x. Now suppose that we proceed
and solve the equation for A;, and subsequently find the necessary forms of N and
M, then it would appear that we end up with similarly undetermined functions in
A;1. So this approach looks rather inefficient. Indeed, it is not necessary to work out
the equations for 4; in detail. We only need a solvability condition (Nayfeh 1981),
sufficient to yield the required equation for N.
Since the operator r.Z is self-adjoint in r, we have

Ry 0A 0A 0A 0A
/ Ao L (A)rdr = Ry {Aoal —Al‘)] — R, [AOI - Alo} .
R r or |._g, or or |._g,

1

Further evaluation of this expression (using 4.6b) and the corresponding right-hand
side of (4.5b) gives finally, after some calculation, the following equation:

Ry
d D22 / Ag(x,r)rdr+D°U° (LAYX, R) + GAYX,R)) | =0, (4.10)
dx [7°Co Jq, Q

Use is made of equations (3.2) and (3.4), and the identities

R(X) K. R(X) dR
| agteendr = oo [ ar— SEGR)
and
0 0 d
an—X + Vlg = Uod—X along r = R(X).

The above equation (4.10) can be integrated immediately, with a constant of integra-
tion Q3. This constant is determined by the initial amplitude of the mode entering
the duct. Since the solution is linear, it is irrelevant here. The integral of A3r, finally
to be evaluated, is a well-known integral of Bessel functions (see the Appendix), with
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the result (using (4.8))

R,
/ AYX,r)rdr = %R% (1 -
R,

Using the relations

2 2
m-— {3
22
o*Ry

2 2
o2R?

) AJ(X,R) — IR (1 — ) AY(X, Ry).

(2/RN(X) NG
AR YR + LRy R = R R — LY, R

and some further simplifications we thus obtain the following expression for N(X)
(the principal result of the present paper):

Ao(X,Ry) =

DywaR3 m* — (3 DyUj, Dywa R} m? — (3 DyU,
1 2 l——==]+ ¢ l———— - G
<2nQo> 26y 2R} Q G o2R; Q
N (@R, Y, (2Rs) — {2 Yr(2R,)) (aR Y, (xRy) + {1 Yu(@Ry))
(4.11)

An interesting special case is the hard-walled duct, where Z; = oo, {; = 0. Then we
have a real o and

(énQo>2=Dowa <[R§—m2/o<2 Ri — /e ) (4.12)

N 2C) \[R: Y (xR)]>  [xR,Y,(axR))]2

m

which is for the plane wave mode m =0, « =0, ¢ = 1, given by

Qo ? Dow 5 2
2) =22 (R-R
(N 2CO( 2 l)a

while M(X) = 0. Another special case is Z; = 0. It is included in the present formulas

as the limit {; — oo, but probably easier is to repeat the analysis with Z; = 0 right
from the start. We obtain then

anO 2_ Dywo 1 1
<2N ) - 26 <Ym(°<R2)2_Ym(fo1)2>' (4.13)

For a hollow cylinder, without an inner wall, the above general result (4.11) reduces,
in the limit R; — 0, to

Q0" _ (DowoRs (| P =G\ Doly ,

So the present solution is equally valid for hollow and annular cylindrical ducts, and
hence includes the unique feature that it provides (apparently for the first time) a
systematic approximation to the hollow-to-annular cylinder transition problem in the
turbofan engine duct inlet. This aspect will be illustrated in the next section by an
example.

If convenient, we may observe that for a hard-walled hollow cylinder the combi-
nation aR, is a constant, independent of X, so we can absorb some constant factors

into Qp to obtain
Q() 2 D()(UO'R%
= | = ——=. 4.15
( 2 z (4.15)

Of course, with a transition from a hollow to annular cylinder this is not advisable,
because then it is required that we deal with the same Q.
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FIGURE 2. Sketch of geometry: engine inlet with spinner.

5. Example

In this section we will discuss an example of the previous theory. As noted above,
in the results obtained the small parameter ¢ is not explicitly present anymore,
so for convenience we will now return from the slow variable X to the physical
(dimensionless) variable x.

A lined inlet duct of a CFM56-inspired turbofan engine, from inlet plane via
(hard-walled) spinner to the inlet rotor plane, is given by (see figure 2)

Ro(x) = 1.073 — 0.198(1 — x/2)? + 0.109 exp(—11x/2),
Ry(x) = max(0,0.689 — [0.055 + 1.131(1 —x/27] %), 0<x<2.

The inlet plane is at about x = 0, the plane of narrowest duct diameter R, = 0.949
is at x = 0.223, the plane where R, = 1 is at x = 0.773 (the reference radius R,),
the spinner top is at x = 0.782, and the fan plane is at x = 2, where R, = 1.073 and
Ry = 0.454. The impedances used are Z, = 2 —1 and Z; = oo. The ratio of specific
heats is y = 1.4202. Assuming the dimensionless density D = 1 far upstream, its value
slightly below 1 at the inlet plane, and the inlet Mach number ~ 0.6, we choose
F = 0.559 and E = 2.514. Density and Mach number are given in figure 3. A rotor
blade number of 26, and a rotor tip Mach number slightly below 1 are taken, such
that we would have (with a clean in-flow) rotor-alone noise of frequency w = 25 and
m = 26, which is near cut-off. Just for the example we include a well cut-on second
harmonic of w = 50 and m = 26, the origin of which is for the moment unimportant.
The first radial left-running mode is considered, together (for comparison) with its
right-running companion.

We start with o = 25. In figure 4(a—c) the radial wavenumber o, the axial wave-
number p, and the reduced axial wavenumber ¢ are shown in the complex plane,
parametrically varying with the duct position x. Initial positions are indicated by
an open circle, intermediate positions by filled small circles. To be sure that we are
looking at the same left- and right-running mode, both are found first, at the initial
position x = 0, for no-flow conditions (F = 0), when both modes coincide. Then the
modes are traced for increasing F. This can be seen in figure 4(a), the plot for o: the
thin dotted line is « at x = 0 for increasing F.
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FIGURE 3. Dimensionless mean flow density and Mach number.

The cross-sectionally averaged amplitude functions A, given by

Ry 1/2
/I(X):[/R A(X,r)|2rdr} ,

1

are plotted in figure 5. The respective values are normalized to 1 at the beginning
and end positions. Since it is of interest to measure the amount of dissipated acoustic
energy, we introduce here the acoustic power 2 of a single mode through a duct
cross-section. Following Goldstein (1976), we define the acoustic power at a surface S

P = /I nst

where I is the time-averaged acoustic intensity or energy flux, here given by
I= % Re[(p/D + V@ -V¢)(DV + pVP)T],

with * denoting the complex conjugate. Considering here for S a duct cross-section,
we need the axial component of I, which is to leading order

e op (2 maetyac). )
so that
2 Ry x
P = 21tD206(f; Re(cr)/Rl |[Ao(X,r)[*r drexp <2/ Im,u(sf)dé) , (5.2)

where (see the Appendix)
/ﬁmgﬁﬁm:;mxmmmm+mwwmmm>
Rl 0 ’ Im(o(z) ’

which is, of course, equivalent to (4)>. For hard-walled ducts (Z; = oo, {; = 0) all
eigenvalues o are real. Then 2 = 0 for cut-off modes (Re(g) = 0). For cut-on modes,
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FIGURE 4. Complex-valued (a) radial wavenumber o, (b) axial wavenumber u,,; and
(c) reduced wavenumber o, (w = 25).

where o is real, 4 is also real and

23Co

Ry
/ Ao(X,r)’rdr = .

Since the value of 2 is highly dominated by the exponential part exp(2 [ Im(u) d&), we
have plotted the power both without (figure 6(a), linear scale) and with this exponent
(figure 6(b), dB scale). Since for the majority of axial positions the left-running mode
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FIGURE 6. Power (a) without exp-term (linear scale), (b) dB scale (v = 25).

was well cut-off, while the right-running one was not (figure 4b,c), the left-running

mode is altogether very much more damped.
The acoustic pressure distribution inside the duct is displayed in figure 7. Iso-
pressure contours are plotted of the field of the left-running mode. The pressure

amplitude

1P, )] = ‘—iDoson exp (—i / xu(sé)d£>

is scaled such that the maximum is equal to 1. The plotted contour levels are in equal
steps of % between 0.1 and 1, supplemented with steps increasing in proportions of
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FIGURE 7. Iso-pressure contours (o = 25).

10 between 107% and 1072 to reveal the lowest levels. The strong decay of this cut-off
mode is very prominent.

For the well cut-on second harmonic @ = 50 we have a similar sequence, but
the effects are clearly less pronounced, as shown in figures 8-11. In spite of the
considerable geometry variation, the averaged amplitude A is practically constant.
Also, the power is now only dependent on its exponential part, i.e. the imaginary part
of . This, in its turn, is only dependent on convection effects, as we can see from the
nearly stationary reduced wavenumber g. The upstream mode is now less damped
than its downstream companion.

The iso-pressure contours of the left-running mode, plotted in figure 11, show some
interesting features. The high-frequency wave fronts propagate almost parallel, like
rays. The interaction with the liner is small, resulting in little damping, such that the
iso-pressure lines are nearly parallel to the wall. The r"-behaviour near the axis r = 0
creates in front of the spinner an area of very low sound pressure levels, leaving the
spinner acoustically unimportant. Of course, the effect of the spinner is felt indirectly,
via the mean flow. There is, for example, the local intensification of the field in the
duct throat where the mean velocity is largest (x ~ 0.2, r ~ 0.9).

6. Discussion and conclusions

If the multiple-scales solution is valid, the mode-like wave behaves locally like a
mode of a straight duct. Rotating with angular velocity w/m, it propagates in the axial
direction with or without attenuation (unattenuated or cut on: Im(u) = 0; attenuated
or cut off: Im(u) # 0). The more interesting aspects here, are, of course, connected
to the slow variations in X. These are mainly represented by the amplitude functions
N, M and the phase function u. When R;, and Z;, vary with X, the mode changes
gradually, except at the points where the denominator of N (4.11) vanishes and the
approximation breaks down. These points are just found at the double eigenvalues,
i.e. where two eigenvalues u (or o) coalesce. These are given by equation (4.8) and its
partial derivative with respect to p.

Clearly, the approximation breaks down because the two coalescing modes couple
(the energy of the incident mode is distributed over the two) in a short region. A local
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analysis, similar to what may be found in Nayfeh & Telionis (1973) for the no-flow
hard-walled problem, is necessary to determine the resulting amplitudes.

In general the two modes propagate in the same direction but not necessarily. The
second mode may run backwards while at the same time the incident mode becomes
cut off in such a way that beyond that point no energy is propagated. Points with this
behaviour are usually called turning points, since the incident mode is totally reflected
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into the backward-running mode (we assume, of course, the absence of tunnelling by
other interfering turning points).

Turning points occur in practice with hard-walled ducts (Z = o), where a real o
tends to zero to become pure imaginary (« is always real). At ¢ = 0, N is singular
(4.12), (4.15), and the incident mode couples to a backwards-running mode. For real
o we have

P ~ Re(a) # 0,

whereas for pure imaginary ¢
P =0,

so the mode must indeed reflect. Note that this behaviour is irrespective of the
presence of mean flow.
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In conclusion, we have found an explicit solution for the multiple-scale problem of
modal sound propagation through slowly varying lined ducts with isentropic mean
flow. It is shown that a consistent approximation of the boundary condition and
mean flow allows the multiple-scales problem to have an exact solution.

Since the calculational complexities are no greater than for the classical straight
duct model, the present solution provides an attractive alternative to a full numerical
solution if diameter variation is relevant. The present solution is equally valid for
hollow and annular cylindrical ducts, and hence includes the unique feature that
it provides a systematic approximation to the hollow-to-annular cylinder transi-
tion problem in the turbofan engine duct inlet. This aspect is elaborated by an
example.

The solution remains equally valid for hard-walled or no-flow ducts, but needs
adaptation for a completely soft wall with Z = 0. The approximation breaks down
at double eigenvalues when the mode couples with other modes. This occurs for
example at cut-off points in a hard-walled duct.

We appreciate the useful remarks and interest of Johan B. H. M. Schulten (NLR),
including his help in obtaining the necessary engine data.

Appendix.
Well-known integrals of Bessel functions (Watson 1966, p. 135) are

/X(gm(ax)(gm(ﬁx) dx = O@%ﬁ{ﬁ(gm(ax)(g,m(ﬁx) - oc‘gfn(fxx)‘ém(ﬂx)},
/x(gm((xx)(gm((xx) dx = %(XZ - mz/a2)(gm(ax)(gm(ax) + %xz%:n(o‘x)(g,m(ax)a

where %,, and %,, are any linear combination of J,, and Y,,.



296 S. W. Rienstra

REFERENCES

EISENBERG, N. A. & Kao, T. W. 1971 Propagation of sound through a variable-area duct with a
steady compressible flow. J. Acoust. Soc. Am. 49, 169-175.

EvErsMAN, W. & BECKEMEYER, R. J. 1972 Transmission of sound in ducts with thin shear layers —
convergence to the uniform flow case. J. Acoust. Soc. Am. 52, 216-220.

GOLDSTEIN, M. E. 1976 Aeroacoustics. McGraw-Hill.

HUERRE, P. & KaraMcCHETI, K. 1973 Propagation of sound through a fluid moving in a duct
of varying area. In Proc. Interagency Symp. on University Research in Transportation Noise,
Stanford, Ca., Vol. 11, pp. 397-413.

INGARD, K. U. 1959 Influence of fluid motion past a plane boundary on sound reflection, absorption,
and transmission. J. Acoust. Soc. Am. 31, 1035-1036.

KocH, W. & MOHRING, W. 1983 Eigensolutions for liners in uniform mean flow ducts. 4144 J. 21,
200-213.

LiepmaNN, H. W. & PLUCKETT, A. E. 1947 Introduction to Aerodynamics of a Compressible Fluid.
John Wiley.

MOoRrSE, P. M. & INGARD, K. U. 1980 Theoretical Acoustics. McGraw-Hill.

Myers, M. K. 1980 On the acoustic boundary condition in the presence of flow. J. Sound Vib. 71,
429-434.

NAYFEH, A. H. 1981 Introduction to Perturbation Techniques. John Wiley & Sons.

NavreH, A. H., KAIseEr, J. E. & TeLIoNis, D. P. 1975a Acoustics of aircraft engine-duct systems.
AIAA J. 13, 130-153 (also AIAA Paper 73-1153).

NaYFEH, A. H., KAISER, J. E. & TELIONIS, D. P. 1975b Transmission of sound through annular ducts
of varying cross sections. AIAA J. 13, 60-65 (also AIAA Paper 74-58).

NavreH, A. H. & TeLionis, D. P. 1973 Acoustic propagation in ducts with varying cross-sections.
J. Acoust. Soc. Am. 54, 1654-1661.

NayYreH, A. H., Terionis, D. P. & Lekoupis, S. G. 1975 Acoustic propagation in ducts with
varying cross-sections and sheared mean flow. In Progress in Astronautics and Aeronautics:
Aeroacoustics: Jet and Combustion Noise; Duct Acoustics (ed. H. T. Nagamatsu), vol. 37,
pp- 333-351. MIT Press.

PIERCE, A. D. 1981 Acoustics, an Introduction to its Physical Principles and Applications. McGraw-
Hill.

RIENSTRA, S. W. 1985 Contributions to the theory of sound propagation in ducts with bulk-reacting
lining. J. Acoust. Soc. Am. 77, 1681-1685.

RIENSTRA, S. W. 1986 Hydrodynamic instabilities and surface waves in a flow over an impedance
wall. In Proc. IUTAM Symp. ‘Aero- and Hydro-Acoustics’ 1985 Lyon (ed. G. Comte-Bellot &
J. E. Ffowcs Williams), pp. 483-490. Springer.

RIENSTRA, S. W. 1988 Sound transmission in a slowly varying lined flow duct. Nieuw Archief voor
Wiskunde, Series 4, part 6, no. 1-2, pp. 157-167.

Tam, C. K. W. 1971 Transmission of spinning acoustic modes in a slightly non-uniform duct.
J. Sound Vib. 18, 339-351.

TESTER, B. J. 1973a Some aspects of “sound” attenuation in lined ducts containing inviscid mean
flows with boundary layers. J. Sound Vib. 28, 217-245.

TESTER, B. J. 1973b The propagation and attenuation of sound in lined ducts containing uniform
or “plug” flow. J. Sound Vib. 28, 151-203.

TaoMmPsON, C. & SEN, R. 1984 Acoustic wave propagation in a variable area duct carrying a mean
flow. AIAA Paper 84-2336.

WATSON, G. N. 1966 The Theory of Bessel Functions, 2nd edition. Cambridge University Press.



